We propose to use envelope inversion for the recovery of low-wavenumber components of media (smooth background) so that the initial model dependence of waveform inversion can be reduced. A nonlinear signal model, the modulation signal model is proposed for seismic traces and a demodulation operator (envelope operator) is applied to extract the envelope-seismograms. We derive the misfit function and the corresponding gradient operator for envelope inversion. Numerical tests using synthetic data for the Marmousi model demonstrated the validity and feasibility of the proposed approach. The final results of envelope-inversion (for smooth background) plus waveform-inversion (for high-resolution velocity structure) can deliver much improved results than the regular FWI alone. The proposed envelope inversion is also an efficient method.
Introduction
By "ULF" ("ultra-low-frequency"), we mean the frequency below the lowest frequency in the source spectra. Is there ultra-low-frequency (ULF) information existing in seismic data? This ULF information, if exists, could be very useful for estimating long-wavelength components of medium velocity structure, that is crucial to the success of waveform inversion.
It is known that low-frequency data are important for recovering the long-wavelength background structure and therefore reducing the initial-model dependence of waveform inversion. However, to acquire low-frequency data is very expensive. Therefore, how to obtain the longwavelength velocity structure without l-f signal becomes an important research topic. Shin and Cha (2009) has successfully performed inversion in the Laplace-Fourier domain. Other method of recovering the long-wavelength components of the model is to use a combination of velocity analysis and waveform inversion (e.g. Biondi and Almomin, 2012) .
In this paper, we try to establish the theoretical foundation for the existence of ULF signals in the seismic data and its extraction and application by envelope inversion. We argue that envelope fluctuation and decay of seismic records carries ULF signals which can be used to estimate the longwavelength velocity structure. In order to separate the envelope data from the wavefield data, we need perform a nonlinear operation (envelope extraction). For inversion we derive the gradient operator for envelope data and perform iterative inversion to obtain a smooth background model. Then we use the smooth background from envelope inversion as the initial model for waveform inversion to recover the high-wavenumber components of the model. Numerical tests using the Marmousi model demonstrated the validity of the approach.
Envelope fluctuations of seismic traces and the signal model
Seismic signal model for surface reflection seismic data: In surface reflection survey, the data set (wavefield records) is composed of direct arrivals (including turning waves) and scattered waves from subsurface reflectors. Many kinds of heterogeneous media in the earth can be decomposed into a rough part and a smooth part. The rough part is composed of irregular sharp interfaces and discrete reflectors and scatterers. The smooth part can serve as smoothly varying background. Forward scattering in the smooth background only modifies the Green's function of the reference medium while backscattering (reflection) of reflectors is actually responsible for the generation of reflection signals.
We refer this type model as blocked smooth media.
In the frequency domain the wave field measured on the surface can be modeled as (De Wolf, 1971 , 1985 Wu, 1994 Wu, , 2003 . We know that the scattering models for forward-scattering and backscattering are very different, and therefore   fields of transmitted waves; while for reflected arrivals,    x corresponds to local reflectivity due to impedance jump (velocity jump for acoustic media with constant density). Here we only treat the reflected signal, and the case of transmitted signal is straight forward.
The frequency-domain solutions for reflected signals can be written as
Green's functions can be expressed in a form
We define
so the reflection seismograms can be modeled as reflection time series 
This is the traditional convolution signal model ( (Robinson, 1957; Robinson et al., 1986) , in which the Green's function pairs (background propagator)
Gt x x x only modify the travel-times and amplitudes of the reflection arrivals, and the signal spectrum is mainly determined by the source wavelet. The neglect of multiples is equivalent to the drop of "reverberation waveform" in the convolution model (Robinson et al., 1986) . Based on the linear signal model, we are restricted to only access the information provided within source spectra. This convolution model is good for seismic imaging, since it provides the mathematical model for resolution analysis and resolution enhancement (such as deconvolution) in migration/imaging. However, if we ask a fundamental question: what is seismic signal and how to define it? It really depends on the information you want to extract from the seismic records (seismograms). In fact, seismograms have much rich information than the convolution model predicted. For seismic inversion, we need the low-frequency information contained in seismograms for the recovery of longwavelength background velocity structure. If we break the restriction of linear signal model (convolution model), and consider more general nonlinear model, we see from the above analyses that there is low-frequency information coded into the envelope fluctuation and decay of seismograms, but not accessible from linear convolution model. The problem is how to take good use of the information associated with F g for the estimate of longwavelength velocity structure.
Modulation signal model and demodulation operator (envelope operator):
In order to take full use of the lowwavenumber information of the media coded in the Green's functions, we redefine the signal model of equation (5) Gt x x x is a smooth function of time, so the signal model can be rewritten as 
(2) Taking magnitude of the analytic signal
For the reflection series, we can view it as a product of two functions, and therefore apply the Hilbert transform product theorem (Bedrosian, 1962; Brown, 1986) Gt x x x is a low-pass function and satisfies the Brown's condition for demodulation, so it can be pulled out of the Hilbert transform, and the envelope operator. Therefore, the envelope function of the seismic traces can be approximated by frequency information coded in the seismograms. The resulted envelope-gram (envelogram) has the effect of using a low-frequency wavelet to interact with the reflectors but keeping the background propagator as the original h-f propagator. In this way, the h-f reflection information is peeled of and only low-wavenumber background is kept in the envelograms.
From the modulation theory in signal processing (e.g. Robinson et al., 1986) , we know that amplitude modulation is a nonlinear operation, and the modulation frequency is riding on the shoulders of the carrying frequency. Although the modulation signal may have very low frequencies, they do not show up in the corresponding low frequency range in the trace spectra. Only the nonlinear demodulation operator can extract the low-frequency information coded in the envelope. Figure 1 (a) shows a shot profile of waveform data (top) and envelope data (bottom); The corresponding waveform spectra (left) and envelope spectra (right) are plot in Figure 1 (b). The data are from the synthetic data set of the Marmousi model (see next section). We see clearly the l-f information in the envelope. 
Misfit function and gradient operator for envelope inversion
Now we derive the misfit function and the corresponding gradient operator for envelope data inversion. First we define the misfit functional with respect to the data. We define the data here as the envelope-function. Finally we derive the partial derivative operator. Bozdag et al. (2011) discussed the misfit function for instantaneous phase and envelope in the context of finite-frequency kernel of tomography. We adopt the least-square criterion for minimizing the data (envelope) residual 
where 2 e is the envelope function, u and y are the observed and synthetic waveforms respectively, 
where ( ) / y t v  is the linear Fréchet derivative, and the term in the square brackets serves as the effective residual. We see that in the backpropagation and forward modeling we still need the carrier signals (original wavelet). From the above equation, envelope inversion algorithm can be developed based on the time-domain wavefront inversion (e.g., Bunks et al., 1995) .
Inversion test with the SEG/EAGE Marmousi model
The data were generated by a FD algorithm with an acquisition system composed of 50 shots evenly distributed along the surface. We use total 228 receivers across the surface for each shot. The true model is shown in Figure  2a . A linear gradient model is used as the initial model (Figure 2b ). Smooth background obtained from envelope inversion (after 10 iterations) is (c). We have compared this recovered smooth background with the smoothed velocity structure by a moving-window averaging process and saw differences between the two. This recovered model is more like a migration velocity model. Figure 2d shows the final result by waveform inversion using the recovered smooth background (EI+WI). To see the influence of the source spectra, especially the low frequencies, we conducted envelope inversion with a low-cut (cut from 5Hz below) source wavelet. The recovered smooth background is very similar to the one without the low-cut. Figure 2e gives the result of EI+WI for this case, and we see no appreciated difference from the one with full source spectrum. This demonstrated that the low-wavenumber recovery of the background is not directly from the l-f excitation by the source. In comparison with the regular FWI (Figure 2f ) (with initial model b), we see the significant improvement in inversion fidelity. Figure 3 shows the reduction of L-S residuals with iterations. Compared with FWI (green line), the convergence of EI+WI (blue line) is faster and has avoided the false local minimum.
Conclusion
Eenvelope inversion can recover the low-wavenumber components of unknown velocity strucutes (smooth backgrounds) so that the initial model dependence of waveform inversion can be reduced. This is demonstrated by the Marmousi model tests. Since the envelope data is nonlinearly related to the carrier signal, which includes both the source wavelet and the reflector distribution, futher study is needed for the reflector dependence of the envelope inversion. 
